Collineation groups with perspectivities  by Ho, Chat Yin
Journal of Algebra 274 (2004) 245–266
www.elsevier.com/locate/jalgebra
Collineation groups with perspectivities
Chat Yin Ho 1
Department of Mathematics, 358 Little Hall, PO Box 118105, Gainesville, FL 32611-8105, USA
Received 3 February 2003
Communicated by Gernot Stroth
1. Introduction
A long standing problem in the study of finite translation planes is to determine the
non-abelian simple collineation groups. (See, for example, [18].) The simple groups L2(u)
and Sz(u) act on translation planes of even order. On the other hand, not much is known
about odd-order planes. It has been conjectured that non-abelian simple groups cannot act
in this case.
A non-abelian simple collineation group in the translation complement of a finite
translation plane is in the linear complement. We call a collineation group in the linear
complement a linear collineation group. Most known results on collineation groups involve
perspectivities. From now on we use the term a simple group to mean a non-abelian simple
group. In this paper we prove the following theorem.
Theorem AS. Let G be a simple linear collineation group containing a perspectivity of a
finite translation plane.
(1) If G is isomorphic to an alternating group An, then n = 5 and the plane has even
order.
(2) G is not isomorphic to any one of the 26 sporadic finite simple groups.
The conclusion in AS(1) is a case of a simple linear collineation group G containing an
elation. In Theorem 4.6 below, we prove that in general such G is isomorphic to L2(u) or
Sz(u), where u is a power of 2. The order of the plane is even and the underlying vector
space is a direct sum of natural modules. Each summand is a Desarguesian (respectively,
Lüneburg) plane for G ∼= L2(u) (respectively, Sz(u)).
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nor any fixed line on finite projective planes have been classified by Hering, Walker, Reifart
and Stroth [7–9,21,23]. This leads to the study of groups leave invariant a line. Among
such groups, linear collineation groups have the richest algebraic structure. This provides
another point of view to our study.
In Theorem 2.1 below, we prove that the center of a collineation 2-group of a finite
projective plane contains a perspectivity if there exists a perspectivity either in the 2-group
or normalizing but not centralizing the 2-group. This result improves results obtained
by Hering [7], Kantor [21, ref. 39], Reifart and Stroth [21] and Stroth [23]. For a
translation plane, and a prime r , we prove in (Lemma 3.3, below) that a r-group contains
a perspectivity if and only if its center contains a perspectivity.
Involutorial collineations play a special role in the study of collineation groups. This
can be seen by a result of Baer, which asserts that an involutorial collineation is either
a perspectivity or a Baer involution. The Hering (1972)–Ostrom (1972, 1974) Theorem
[19, p. 178] classifies groups generated by shears (elations with affine axes) for translation
planes. So in translation planes of even order, only the case in which all involutions are
Baer, remains to be treated. On the other hand involutions of a simple linear collineation
group of a translation plane of odd order are Baer [11]. Thus in classifying simple linear
collineation groups of a translation plane it suffices to assume that all involutions are Baer.
Under this condition we prove (Lemma 4.14, below) that if a linear collineation group
of type SL2(r) or L2(r) contains a perspectivity, then the plane has even order and the
perspectivity has order dividing r + 1. This result is best possible as can be seen by the
Ott–Schäffer planes of even order q2 with q ≡ 2 (mod 3), [19, p. 233]. These planes admit
SL(2, q) such that all involutions are Baer and an element of order 3 is an affine homology.
Our method uses both geometry and group theory. We also use the character tables to
compute the structure constants. The entry χ109(41A) is missing for the Monster [2]. Its
value should be zero by an e-mail from R. Wilson. As the other entry in the product for
computing the structure constant is zero, we do not need the missing value.
2. Perspectivities in a collineation 2-group
For any finite group H , let H # = H \ {1}. Let G be a collineation group of
a finite projective plane Π . For a set of points Γ of Π , let G(Γ ) = {g ∈ G |
the set of fixed points of g equals to Γ } ∪ {1}. For a collineation g let P(g) be the set of
fixed points of g, and Fix(g) be the fixed-point-line substructure of g. We call a collineation
g a planar collineation if Fix(g) is a subplane, a perspectivity if P(g) contains the set of all
points of a line, which is the axis of g and is denoted by a(g). A perspectivity g has a fixed
point C(g), which is called the center of g, such that g fixes all lines incident with C(g).
An elation is a perspectivity g such that g does not fix any point not incident with a(g).
A homology is a perspectivity g such that g fixes exactly one point not incident with a(g).
A planar collineation g is called a Baer collineation if Fix(g) is a Baer subplane, which is
a subplane of order equal to the square root of the order of Π . Other notation, terminology
is taken from [1,2,5,16,25] (group theory) and [15,19] (finite geometry).
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(1) If a collineation 2-group of a projective plane contains a perspectivity, then the center
of this group contains an involutory perspectivity.
(2) In a collineation group of a projective plane, if a perspectivity of odd order normalizes
but not centralizes a 2-group, then the center of this 2-group contains an involutory
perspectivity.
Proof. (1) Let T be a 2-group that contains a perspectivity. By considering a power of a
perspectivity, we may assume that T contains an involutory perspectivity s. If s ∈ Z(T ),
then nothing needs to be done. Suppose s /∈ Z(T ). Thus there is t ∈ T such that st = s.
Set st = τ . Let 〈s, τ 〉 := D. If D is not abelian, then the central involution β of D
is a product of s and a conjugate of s in D. So β is an involutory perspectivity and
β ∈ [D,D] T ′. On the other hand, if D is abelian, then τs is an involution. It is a product
of two perspectivities. So it is an involutory perspectivity. Observe τs = [t, s] ∈ [T ,T ].
Hence there is an involutory perspectivity in T ′ in both cases. Therefore Z(T ′) contains an
involutory perspectivity z by induction.
As z ∈ Z(T ′), we see that {zT } ⊆ Z(T ′). Hence the subgroup generated by elements
in {zT } is an elementary 2-group generated by perspectivities. Therefore all involutions in
this subgroup are perspectivities. But this is a normal subgroup of T . Hence it intersects
Z(T ) non-trivially. Thus Z(T ) contains an involutory perspectivity as desired.
(2) Let α be a perspectivity of odd order normalizing a 2-group T but [T ,α] = 1.
Since [T ,α] = [T ,α,α], we may assume that T = [T ,α]. Suppose A is a characteristic
abelian subgroup of T normalized by α. Since α has odd order, A = CA(α) × [A,α]. Let
B := [A,α]. Then B = [B,α]. Since B is abelian, this implies that α does not centralizes
Ω1(B). Hence 1 = [b,α] for some involution b ∈ B . But [b,α] is an involution. As a
product of two perspectivities, namely, (α−1)b and α, it cannot be planar. Hence it is a
perspectivity. Thus (b) holds in this case by (a). Therefore we may assume that α centralizes
every characteristic abelian subgroup of T . This implies, by Thompson’s Theorem [16,
p. 352], that T is special. Now we could apply Stroth’s lemma [23, 2.1] to finish the
proof. 
3. Preliminary results for translation planes
A finite translation plane can be viewed as a vector space V of dimension 2d over a finite
field F together with a spread S . A spread is a set of |F |d +1, d-dimensional F -subspaces
such that each non-zero vector lies in exactly one of these subspaces. A member of the
spread is called a fiber. The (affine) points of the plane are the vectors of V and the lines
incident with the zero vector are the fibers of the spread. We say that the plane is defined
over F . The characteristic p of F is called the characteristic of the plane. Note that F is in
the kernel of the plane.
The collineation group of a translation plane (V ,S,F ) is a semi-direct product of the
translation group and the translation complement. The translation group is isomorphic to V
and the translation complement is a semi-linear transformation group. A subgroup consists
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collineations. We use the term a subplane to mean an affine subplane. A subplane U is
called a kth-order subplane if there exists a chain of subplanes V = V0  V1  · · · 
Vk = U such that Vi is a Baer subplane of Vi−1 for i = 1, . . . , k. The term kth subplane
was introduced by Ostrom in 1986.
For any subspace W , let S(W) := {X ∈ S | X ∩ W = 0}. Note that SW := {X ∩ W |
X ∈ S(W)} forms a partition of W . A fiber is called incident with W if it is in S(W). For a
subset H of a collineation group and a subspace W of V , we write W(H) for CW(H). Also
P(H) is the set of fixed points of H in the projective plane obtained from V by adding the
line of infinity.
We record the following result on a translation plane of odd order from [11].
3.1. Theorem. If a translation plane of odd order n admits a simple linear collineation
group G, then n = m2 with m ≡ 1 (mod 4) and involutions of G are Baer involutions.
3.2. Theorem. Suppose p is odd. Let E be an elementary abelian linear collineation
2-group of order 2k . Then V = V (E)⊕{HE,|E:H |=2} [V (H),E]. Further, each summand
of this direct sum is a kth-order subplane and S([V (H),E])= S(V (E)) for any subgroup
H of index 2 in E.
Proof. By [12, 5.1], we see that V (E) is an kth-order subplane. Thus dimV (E) =
1
|E| dimV . Let H be a subgroup of E such that |E : H | = 2. Then V (H) is a (k−1)th-order
subplane containing V (E) as a Baer subplane. Clearly E acts on V (H). Let i ∈ E and
i /∈ H . Then V (H) = V (E) ⊕ [V (H),E]. Since [V (H),E] = [V (H), i], so it is a Baer
subplane of V (H) by [12, 4.2]. Thus S(V (E)) = S([V (H),E]) and dim[V (H),E] =
dimV (E). Now let L = H be another subgroup of E with index 2. Then [V (H),E] ∩
[V (L),E]  V (H) ∩ V (L) = V (E). This implies [V (H),E] ∩ [V (L),E] = 0. Since E
is elementary abelian, V = {HE,|E:H |=2}V (H). From V (H) = V (E) + [V (H),E],
we see that V = V (E) + {HE,|E:H |=2}[V (H),E]. There are |E| − 1 subgroups
of E of index 2. Since dim([V (H),E]) = dim(V (E)), so dimV (E) +{HE,|E:H |=2}
dim[V (H),E] = |E|dimV (E) = dimV . This proves the sum is a direct sum and
completes the proof. 
3.3. Lemma. Let R be a r-group of linear collineations , where r is a prime. If R contains
a perspectivity, then the center of R contains a perspectivity.
Proof. For r = 2 or r > 3, the result follows from Theorem 2.1 and [21, Lemma 2.5].
Suppose r = 3 and let x ∈ R be a perspectivity. We may assume without loss of generality
that x has order 3. We may assume that S = CR(x) = R. Among all such x , we choose x
such that |S| is maximal.
Let T R such that S is a subgroup of T of index 3. Let t ∈ T \S. Since |T : S| = 3, so
S is normal in T . Thus St = S. But St = CR(xt). So xt is central in CR(xt) = S = CR(x).
Thus CR(x)= CR(xt ) = CR(xt2) and so 〈x, xt , xt2〉 is an elementary abelian 3-group.
We now show that the center C(x) of the perspectivity x cannot be fixed by t . Deny
this. Then C(x) will be the center of xt and xt2 . As t3 ∈ S = CR(x), 〈x, xt , xt2〉 is
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C(x) = C(xt) = C(xt2), y is a perspectivity with center C(x). As 〈x, xt , xt2〉  Z(S), we
see that CR(y) 〈S, t〉 > S. This contradicts the choice of x such that |S| being maximal.
This contradiction establishes our claim.
Therefore the centers of x , xt , xt2 are different. A similar argument shows that these
three elements also have different axes. If the centers of these three elements are collinear
with a line, then this line will be fixed by xt2 as 〈x, xt , xt2〉 is abelian. So xt2 fixes three
points on this line, namely, the three centers. This implies that this line is the axis of xt2 ,
whence a common axis for x , xt , xt2 . This is a contradiction. Therefore the three centers
are not collinear. As x fixes these 3 non-collinear points, x must be a homology. This
implies that one of the three points must the vector 0. But 0 is certainly fixed by t , a final
contradiction. 
4. Simple groups with perspectivities
We record the following result of Hering and Ostrom from [19, p. 178] with H instead
of G and fibers instead of components.
4.1. Hering–Ostrom Theorem. Let V be a vector space of rank 2r over GF(p), p being a
prime, let ν be a partial spread of V with |ν| 2, and let H GL(V ) be a group leaving
invariant ν. Moreover, let S be a set of all non-trivial ν-shears in H and assume S non-
empty, and denote by µ the set of all fibers of ν which are axes of shears in S. If L = 〈S〉,
then one of the following holds:
(1) |µ| = 1 and L is an elementary abelian p-group.
(2) L ∼= SL(2,ps) for some s. Moreover |µ| = ps + 1 and L operates doubly transitively
on µ.
(3) p = 3 and L ∼= SL(2,5). Furthermore, |µ| = 10 and L operates transitively on µ.
(4) p = 2 and L ∼= Sz(22s+1) for some s. In this case |µ| = 22(2s+1) + 1 and L operates
doubly transitively on µ.
(5) p = 2 and 4 does not divide |L|. Here |µ| is odd and L acts transitively on µ.
In this section G is a simple linear collineation group of a translation plane V with
characteristic p. We continue to use notations from Section 3.
4.2. Theorem. The following conclusions hold.
(1) If a linear collineation group isomorphic to An with n  4 contains a perspectivity,
then p = 2 and n 5.
(2) If involutions of G are Baer and G contains a perspectivity, then G cannot be
isomorphic to any alternating groups.
Proof. By [14, 3.4], an alternating group on four or more letters contains a perspectivity if
and only if involutions are perspectivity. This establishes conclusion (2).
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by [11], a contradiction. If n = 4, then the three commuting involutions are commuting
homologies. This implies one of the involution is the central homology as p is odd.
However, this central homology will then be in the center of the group, a contradiction.
Therefore p = 2. Hence involutions are elations. For n 5, as a linear group, elations in G
fixes 0. So elations are shears. By Theorem 4.1, n 5, as desired. 
4.3. Proof of Theorem AS(1). This follows from Theorem 4.2(1). 
For an affine homology h, the fiber incident with the center of h is called the coaxis of h.
4.4. Lemma. If involutions of G are Baer, then perspectivities of G are affine homologies
of odd order and G does not fix any fiber.
Proof. We claim that G does not contain any elation. Deny this. As G fixes 0, elations
are shears. The simplicity of G implies p = 2 by Theorem 4.1. So the claim is true by our
assumption.
Let h be a perspectivity in G. Then h is a homology of odd order. If the axis of h is
the line of infinity, then all elements of G are perspectivities. This contradicts involutions
being Baer. Therefore h is an affine homology.
Suppose G fixes a fiber X. Then X is either the axis or the coaxis of h. As G does not
contain any elation, this implies, by a result of André [15, p. 103], that the axis of h is
fixed by G and so is the center of h. Therefore G is a group of homologies with a common
axis and a common center. However this contradicts involutions being Baer. The proof is
complete. 
4.5. Lemma. If h is an affine homology, then the normalizer of 〈h〉 in the translation
complement of the translation plane does not contain any elation.
Proof. Deny this. Let g be an elation normalizing H = 〈h〉. Since g fixes 0, so g is an
affine elation.
Since g normalizes H , g fixes the axis X of h. As h is an affine homology, X is a
fiber. Thus g fixes the point of intersection of X with the line of infinity. The center of the
homology h is another fixed point of g on the line of infinity. This contradicts g being an
affine elation and completes the proof. 
4.6. Theorem. If G contains an elation, then the following conclusions hold.
(1) p = 2 and G ∼= L2(u) or Sz(u), where u is power of 2.
(2) V is a direct sum of natural modules. Each summand is a Desarguesian plane if
G ∼= L2(u) (respectively, Lüneburg plane if G ∼= Sz(u)) of order u (respectively, u2)
and S(W) = S(U) for any two summands W and U .
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Theorem 4.1 implies that p = 2 and G is of the desired isomorphism types as only
conclusion (2) or (4) of Theorem 4.1 could occur.
(2) Since V has even order, elations are involutions. By the structure of G and the proof
in (1), all involutions are shears. Let S be a Sylow 2-subgroup of G. Then Ω1(S) has a
common axis aS = V (Ω1(S)).
Let R = S and R ∈ Syl2(G). Suppose aS ∩ aR = 0. Then these two axes are equal. As
G = 〈R,S〉 is simple, this implies that non-trivial elements of G are perspectivities with
a = aS as a common axis. There is a dihedral group of order 2(u + 1) for L2(u) and a
dihedral group of order 2(u − 1) for Sz(u). (See, for example, [19, p. 118].) But the odd-
order elements are homologies in the current situation. This contradicts Lemma 4.5 and
proves that aS ∩ aR = 0.
Let h be an element of order 3 in L2(u) (respectively, of order 5 in Sz(u)). Then h
is inverted by an involution. Now V (h) is invariant for all involutions in NG(〈h〉). If
V (h) = 0, then involutions in NG(〈h〉) will have non-zero common fixed points. (As the
dihedral group induces a group of order 1 or 2 on V (h) and p = 2.) This contradicts the
fact that the axes of two shears in different Sylow 2-subgroups intersect at 0. Therefore
V (h) = 0. Thus a result of Higman [10] for L2(u) (respectively, Martineau [20] for Sz(u))
implies that V is a direct sum of natural modules as desired.
Let W be one of the summand. Then V (Ω1(S)) ∩ W = W(Ω1(S)) ∈ SW for every
S ∈ Syl2(G). (This is a segment of the fiber V (Ω1(S)).) The dimension of each of this is
1
2 dim(W). There are u + 1 of these in the case of L2(u) and u2 + 1 in the case of Sz(u).
A moment of thought shows that W is a subplane with spread SW and S(W) = S(U)
for any other direct summand U . The natural module for L2(u) (respectively, Sz(u)) is
a Desarguesian (respectively, Lüneburg) plane (see, for example, [19]). The proof is now
complete. 
4.7. Lemma. If G ∼= L2(2a) or Sz(2a), then involutions of G are Baer and perspectivities
of G are affine homologies of odd order.
Proof. This follows from Lemma 4.4 and Theorem 4.6. 
By Theorem 4.1, in classifying simple linear groups it suffices to study under the
condition that involutions of G are Baer involutions. Note that G does not contain any
elation in this case.
Hypothesis IB. Involutions in G are Baer involutions.
4.8. Lemma. If G satisfies Hypothesis IB, then a subgroup H of homologies of G with a
common axis is an odd-order Frobenius complement with a common coaxis.
Proof. By Lemma 4.4, homologies in G are affine homologies. Let the common axis of
this subgroup H be a. So a is a fiber. If two homologies in H have different centers, then
G will have an elation by André’s Theorem [15, p. 103]. This contradicts Lemma 4.4.
Hence H has a common coaxis, say, b. Thus as a linear group H acts fixed point freely on
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involutions are Baer. 
Some notations and remarks. Denote the subgroup of homologies in a collineation group
H with L as an axis by H(L). By André’s Theorem and Lemma 4.4, we obtain that (1) if
a fiber X is the axis of a perspectivity (it must be a homology), then there is exactly one
fiber Y which is the coaxis of G(X), and (2) G(X) is a T.I. set.
4.9. Lemma. Assume Hypothesis IB. Let X be a fiber such that G(X) = 1. Let Y be the
coaxis of G(X). Then the following conclusions hold.
(1) NG(G(X)) = GX = GY .
(2) G(X)G(Y ) = G(X) ×G(Y).
(3) Any homology in NG(G(X)) belongs to G(X) ∪G(Y).
Proof. (1) Certainly NG(G(X))GX . Let g ∈ GX . Then the axis of G(X)g is Xg = X.
This shows that GX normalizes G(X). Hence GX = NG(G(X)). If two homologies have
a common axis but different center, then G will have an elation by André’s Theorem. This
contradicts Lemma 4.4, so GX GY . On the other hand if two homologies have a common
center but different axes then there exists an elation by the dual of André’s theorem. This
shows GY GX . Therefore GX = GY as desired.
(2) Suppose G(Y) = 1. By (1), both G(X) and G(Y) are normal subgroups of
GX = GY . Since G(X)∩ G(Y) = 1, these two subgroups centralize each other.
(3) Let h be a homology in NG(G(X)). By (1), h fixes X and Y . Since an affine
homology in G fixes exactly two fibers. So one of {X,Y } is the axis of h, and the other is
the coaxis of h. Thus h ∈ G(X) ∪G(Y). 
4.10. Lemma. Assume Hypothesis IB. The product of two homologies in G with different
axes (respectively, coaxes) does not have 1 as one of its eigenvalues.
Proof. Let α and β be two homologies in G with A := a(α) = B := a(β). Since G is
simple, the axis of a homology in G is a fiber. Hence A and B are different fibers of V . By
André’s Theorem and Lemma 4.4, the center of α is different from β . Therefore the fixed
points of αβ lie on the line incident with the center of α and the center β . This line is the
line of infinity. The proof is now complete for the case of different axes. The proof for the
case of different coaxes is similar (using duality). 
4.11. Lemma. Assume Hypothesis IB. Let R be an elementary abelian r-group of G. Let
E  R such that two different subgroups in EG ∩ R (subgroups in R that are in EG) are
disjoint and R is generated by subgroups of R in EG.
(1) If |EG ∩ R| 3, then E cannot contain any perspectivity.
(2) Assume |R| = r2, |E| = r , and |EG ∩ R|  r , then E does not contain any element
acting fixed-point-freely on V .
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(1) Suppose E contains a perspectivity. As R is a non-cyclic r-group, so by Lemma 4.8
the axes for subgroups in EG are different. However, Lemma 4.9 implies |EG ∩ R|  2,
which is a contradiction.
(2) If r = p, then each non-trivial element in R has non-trivial fixed point in V . So
it cannot act fixed-point-freely on V . So r = p. As R is not cyclic, a result of Wielandt
implies that V is the sum of the centralizers of non-trivial elements in R. Suppose non-
trivial elements in E act fixed-point-freely on V . Then V = 0 when |EG ∩ R| = r + 1
and V = V (K) when |EG ∩ R| = r and K is the subgroup of order r not in EG by our
assumption. Both cases yield a contradiction. 
4.12. Lemma. Assume Hypothesis IB. Suppose K1 and K2 are two conjugacy classes of
elements of G each contains a perspectivity, then K1K2 cannot contain an involution.
Proof. An involution, which is a product of two perspectivities is a perspectivity. But
involutions are Baer in our present case. 
We record the following well-known formula (see, for example, [3] or [17]):
4.13. Lemma. Let Ki = xiG, Kj = xjG and Kk = xkG be three conjugacy classes of G.
The number of elements in Ki and Kj such that their product equals to xk is
Cijk = |Ki ||Kj ||G|
h∑
t
χt (xi)χt (xj )χt (xk)
χt (1)
.
4.14. Lemma. Assume Hypothesis IB. If a subgroup H of G contains a perspectivity and
H ∼= SL2(r) or L2(r) for r > 2, then p = 2 and r is a power of 2. Any perspectivity in H
has order dividing r + 1.
Proof. We divide the proof into two steps. Note that L2(5) ∼= SL(2,4).
Step 1. r is odd. By Satz 1 in [24] if H ∼= SL2(r), then the central involution is a
perspectivity, which is impossible as involutions are Baer. Assume H ∼= L2(r), r odd.
Our conclusion follows from Lemma 3 of [24].
Step 2. Assume r is even and r > 2. In this case, without loss of generality, we may
assume that H = G. By Theorem 2.1, G does not contain any homology in the normalizer
of a Sylow 2-subgroup. So any homology of G must have order dividing r + 1.
We now apply results in [3, p. 235] for G = L2(r), r = even. Let a be an element of
order r − 1 and b be an element of order r + 1 of G. Then G has exactly r + 1 conjugacy
classes and the part of the character table that we need is the following.
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1G 1 1 1
ψ r 1 −1
χi r + 1 ρil + ρ−il 0
θj r − 1 0 −(σ jm + σ−jm)
Here ρ is a primitive (r − 1)th complex root of 1, and σ is a primitive (r + 1)th complex
root of 1, and
1 i  r − 2
2
, 1 j  r
2
, 1 l  r − 2
2
, 1m r
2
.
We apply Lemma 4.13 to (bm)G = Ki = Kj , and (al)G = Kk . In determining the
structure constant to be 0 or not, it suffices to compute the value of the sum. In this case
the value of the sum is
1 + (−1)(−1)1
r
+ 0 + · · · + 0 = r + 1
r
= 0.
So Cijk = 0.
Let g be a homology. As its order divides r + 1, g = bm for some m. Thus there exists
an element h in a subgroup generated by a conjugate of g such that gh has order dividing
r − 1. Thus gh is a fixed point free linear transformation of V by Lemma 4.10. As gh has
odd order, it permutes the hyperplanes of a Sylow 2-subgroup E of G. Suppose p is odd,
then Theorem 3.2 (or Theorem 3.1 in [13]) implies that gh will have 1 as an eigenvalue
on V . This contradiction proves that p = 2 as desired. 
4.15. Lemma. Assume Hypothesis IB. Let G ∼= PSU(3, u). If the order of a homology is
different from a power of 3, then it cannot divide u2 − u+ 1.
Proof. We have |G| = 1
d
u3(u+1)2(u−1)(u2−u+1), where d = (u+1,3). In [4, p. 568],
Geck points out that there are some mistakes in [22]. “The difference occurs in the
parameters of the degree (q − 1)(q2 − q + 1). In [22] the center of G is contained in
the kernel of all these characters, which can be shown to be false for example in the case
q = 5, see pp. 34, 35 in Atlas.”
By way of contradiction, we assume that G ∼= PSU(3, u), and G has a homology g with
order being a prime  = 3 and  divides u2 −u+1. By Hypothesis IB we see that  = 2.
As  = 3 the element g is in a conjugacy class K of type C8{k} in [22]. The character
values in the tables of [22] and [4] are both 0 on K for the questionable characters of
degree (q − 1)(q2 − q + 1). As we are in PSU, it is fine to use the value 0 for computing
the structure constant. An involution of G is in a conjugacy class I of the type C4{k}. Apply
Lemma 4.13 to Ki =Kj =K and Kk = I . Using the table of [22, p. 492], we see that the
value of the sum in Lemma 4.13 equals to
1 + (−1)(−1)(−(u− 1)) + (−1)(−1)u3 + 0 + · · · + 0 = 0.u(u− 1) u
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5. Sporadic simple groups
We continue to use notations from Sections 3 and 4. By 4.3, Theorem AS will be proved
after we prove the following result.
Theorem S. None of the 26 sporadic simple groups can be a collineation group with a
perspectivity in the translation complement of a translation plane.
Proof. The proof is divided into 26 steps, one for each of the sporadic simple groups. In
some cases we eliminate a subgroup first. In each step we assume, by way of contradiction,
that G is a collineation group with a perspectivity in the translation complement (hence in
the linear complement as G is simple) of a translation plane V . Involutions of G are Baer
by Lemma 4.7. Thus G contains an affine homology g of odd prime order r . We use
Lemmas 4.14 and 4.15 to handle some prime divisors of |G|. We also use the formula in
Lemma 4.13 to compute the structure constant. For an element x ∈ G, we sometimes write
C(x) for CG(x). 
5.1. M11
Proof. Then |G| = 24 · 32 · 5 · 11. Since G contains A6 ∼= L2(9) (respectively, L2(11)
[6, p. 262]), r = 3,5 (respectively, 11) by Lemma 4.14. Hence there is no possibility
for r . 
5.2. M12
Proof. Then |G| = 26 · 33 · 5 · 11 [6, p. 263]. Since G contains M11, r = 5,11 by 5.1.
Suppose r = 3. By Lemma 3.3, we may assume g is in the center of a Sylow 3-subgroup.
Thus g belongs to a subgroup isomorphic to M11. Hence 5.1 applies and r = 3. 
5.3. M22
Proof. Then |G| = 27 · 32 · 5 · 7 · 11 [6, p. 264]. Since G contains A7, r = 3,5,7 by
Theorem 4.2. As G also contains L2(11), r = 11 by Lemma 4.14. 
5.4. M23
Proof. Then |G| = |M22| · 23 [6, p. 265]. Since G contains M22, we only need to treat the
prime 23.
By [2, p. 71], there is only one class of elements of order 23 and only one class of
elements of order 2. Apply Lemma 4.13 to Ki = 23AG = Kj , and Kk = 2AG. The value
of the sum in Lemma 4.13 is
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22
+ (−1)(−1)(−3)
45 +
(−1)(−1)(−3)
45 + 0 +
1 · 1 · 7
231
+ 1 · 1 · 7
231
+ 1 · 1 · 7
231
+ 0 + b23b23(−14)
770
+ b23
∗∗b23∗∗(−14)
770
+ 0 + 0
+ 1 · 1 · (−18)
990
+ 1 · 1 · (−18)
990
+ 0 + 0
= 1 + 6
22
+ −6
45
+ 21
231
− 14b23
2 + b23∗∗2
770
− 2 18
990
> 0.
By Lemma 4.12, the prime 23 cannot be the order of a homology in G. 
5.5. M24
Proof. Thus |G| = 210 · 33 · 5 · 7 · 11 · 23. Since G contains M23, the only prime that we
need to worry is 3. By Lemma 3.3, we may assume that the 3-central class 3A [6, p. 266] is
a homology. This implies that g belongs to a subgroup isomorphic to M23. So 5.4 applies
and r = 3. 
5.6. J1
Proof. Now |J1| = 23 · 3 · 5 · 7 · 11 · 19 [6, p. 267]. As L2(5) and L2(11) are subgroups
of J1 [21, p. 27], r = 3, 5, or 11. As elements of order 7 act on elementary 2-groups (not
centralizing them) (N(S2) = E23 · (7 · 3) from [6]), r = 7 by Theorem 2.1. There are two
classes of elements of order 19 in J1 [2, p. 36]. We now apply Lemma 4.13 to 19A, 19A,
2A. The value of the sum in Lemma 4.13 is
1 + 0 + 0 + 0 + 0 + 1 · 5
77
+ −3
77
+ −3
77
+ 0 + 0 + 0 + 0 + 0 + 0 + 0 > 0.
Hence an involution is a product of two elements of order 19. This proves that r = 19 by
Lemma 4.12. The proof is complete. 
5.7. J3
Proof. Now |J3| = 27 · 35 · 5 · 17 · 19 [6, p. 269]. As J3 contains subgroups isomorphic to
L2(5),L2(17) and L2(19) [21, p. 27], so r = 5, 17 or 19.
There are two classes of elements of order 3. Suppose r = 3. By Lemma 3.3, there is
a homology in the center of a Sylow 3-subgroup (i.e., 3B). The subgroups of a Sylow
3-subgroup S3 of type 3B are precisely the subgroups of order 3 of Z(S3), which is an
elementary abelian group of order 9 [6, p. 260]. This implies 3B cannot be a homology by
Lemma 4.11(1). 
5.8. HiS = HS
Proof. The order of HS is 29 ·32 ·53 ·7 ·11 [6, p. 274]. As HS contains M22, r = 3, 7, or 11
by 5.3. There are three classes of elements of order 5 [2, p. 80]. Among these three classes,
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This shows that 5A cannot be a homology by Theorem 2.1. So r = 5 by Lemma 3.3. This
completes the proof. 
5.9. McL = Mc
Proof. Now |Mc| = 27 ·36 ·53 ·7 ·11 [6, p. 275]. Since every element of order 3 centralizes
an involution, so by the structure of A8 we see that this element of order 3 acts non-trivially
on a 2-group. So r = 3 by Theorem 2.1. (This is the argument in [21, p. 27].)
There is only one class of elements of order 2 [2, p. 100]. An 5-central element of order
5 (i.e., 5A) centralizes 2A. The centralizer of 2A is isomorphic to 2A8. Suppose r = 5.
Then the element of order 5 induces an affine homology on the Baer subplane fixed point-
wisely by 2A. But A8 cannot act on a translation plane and contains a perspectivity by
Theorem 4.2. Therefore r = 5.
As McM11 [2], r = 11 by 5.1. Since L2(7)∼= L3(2) L3(4)Mc [2], r = 7 and we
are done. 
5.10. Co3 = .3
Proof. Now |Co3| = 210 · 37 · 53 · 7 · 11 · 23 [6, p. 271]. Since Co3 M23, r = 7,11,23
by 5.4. Since Co3 HS, r = 5 by 5.8 (|HS|5 = |Co3|5).
The centralizer of involutions are 2Sp6(2) for 2A and 2×M12 for 2B . Every element of
order 3 of G centralizes a 4 group [21, p. 28]. Suppose r = 3. On the Baer subplane, which
is the set of fixed points of 2A or 2B , the homology of order 3 induces a homology on
this subplane. So the centralizer acts non-trivially and induces Sp6(2) ∼= PSp6(2) or M12.
The possibility M12 is ruled out by 5.2. From the centralizers of involutions in Sp6(2),
our element order 3 acts non-trivially on the O2 of these centralizer. (This is an argument
used in [21, p. 28]. We could also use 6A, 6C, 6E, 6F and the power map in [2, p. 47] to
see that [3A,2A] = 1, [3B,2B] = 1, [3C,2A] = 1, [3C,2B] = 1.) This produces a non-
trivial involutory perspectivity by Theorem 2.1, a contradiction. The proof is complete. 
5.11. Co2 = .2
Proof. Now |Co2| = 218 · 36 · 53 · 7 · 11 · 23 [6, p. 272]. As |HS|5 = |Co2|5 and Co2 HS,
r = 5,7,11 by 5.8.
As |Mc|3 = |Co2|3 and Co2 Mc, r = 3 by 5.9.
As Co2 M23 [2, p. 154], r = 23 by 5.4. 
5.12. (1) G ∼= U3(3), and (2) G ∼= J2
Proof. (1) By [2, p. 14], the order of U3(3)∼= G2(2)′ is 25 · 33 · 7. If r = 3, then the center
of a Sylow 3-subgroup contains a homology by Lemma 3.3. But this subgroup is contained
in a subgroup isomorphic to SL2(3). This yields a contradiction by Lemma 4.14. Hence
r = 3.
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(2) Now |J2| = 27 · 33 · 52 · 7 [6, p. 268]. As J2 U3(3), r = 3,7.
There are two classes of prime-order subgroups of order 5 in G [6], generated by 5A and
5C. (They are all 5-central.) There are three subgroups of each type in a Sylow 5-subgroup.
Thus Lemma 4.11(1) applies and r = 5. 
5.13. (1) G ∼= G2(4), and (2) G ∼= Suz
Proof. (1) The order of G2(4) is 212 · 33 · 52 · 7 · 13 [2, p. 97]. Since J2  G2(4) and
|J2|3 = |G2(4)|3, the primes 3, 5, and 7 are taken care of. As L2(13)G2(4), the prime
13 is also ruled out.
(2) By [6, p. 276], |Suz| = 213 ·37 ·52 ·7 ·11 ·13. As |J2|5 = |Suz|5 and Suz J2, r = 5,
or 7 by 5.12.
As SuzM12 [2, p. 131], r = 11 by 5.2.
As SuzG2(4), r = 13 by (1).
Every element of order 3 centralizes an involution [21, p. 12, 1.13(c)]. There are two
classes of involutions. C(2A) = Q8∗3 # Ω6−(2). By Theorem 2.1, an element of order 3 in
C(2A) cannot be a homology. From C(2B) = (E22 ×L3(4)) · 2, we see that the subgroup
isomorphic to L3(4) contains an affine homology of order 3. But an element of order 3 acts
non-trivial on a special 2-group in L3(4). So Theorem 2.1 yields a contradiction. 
5.14. Co1 = .1
Proof. The order of Co1 is 221 · 39 · 54 · 72 · 11 · 13 · 23 [6, p. 273]. Since Co1 E211M24,
r = 11,23.
If r = 5, then 3.3 implies that a 5-central element of order 5 is a homology. By
[21, 1.14(c)] this element acts on an extraspecial 2-group and Theorem 2.1 produces a
contradiction. So r = 5.
By [21, 1.14(d)] and [6, p. 273] we see that there are two classes of subgroups of order 7,
namely, 7A and 7B . In a Sylow 7-subgroup, there are precisely 4 subgroups of order 7
conjugate to 7A and 4 subgroups of order 7 conjugate to 7B . This implies that r = 7 by
Lemma 4.11(1).
As every element of order 3 in G centralizes a 2-group of order at least 26 [21, p. 30,
lines 7 and 6], we see by the structure of centralizers of involutions 2A, 2B , 2C in G that
an element of order 3 acts non-trivially on a 2-group. By Theorem 2.1, we see that r = 3.
Finally G2(4) Co1, [6, p. 273: N(O2(C(2B)))], shows that r = 13 by 5.13. 
5.15. Ru
Proof. The order of Ru is 214 · 33 · 53 · 7 · 13 · 29 [6, p. 279]. There is only one class of
element of order 3 and A4  Ru, so r = 3 by Theorem 2.1.
If r = 5, a 5-central element (only one such class) of order 5 is a homology. A central
5-element centralizes a 2-central involution and thus acts non-trivially on an elementary
abelian 2-group. So r = 5.
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As L2(13) Ru and L2(29) Ru [2, p. 126], r = 13,29. 
5.16. (1) G ∼= G2(5), and (2) G ∼= Ly = LyS
Proof. (1) The order of G2(5) is 26 · 33 · 56 · 7 · 31 [2, p. 114].
If r = 5, then the 5-center has a homology by Lemma 3.3. But the 5-center is contained
in a subgroup isomorphic to SL2(5). This contradicts Lemma 4.14. Hence r = 5.
Since U3(3)G2(5) and |U3(3)|e = |G2(5)|e for e = 3 or 7, r = 3 or 7, by 5.12.
Note that L3(5)G2(5) and 31 divides |L3(5)|. From [2, p. 38], we apply Lemma 4.13
to 31A, 31A, 2A of a subgroup isomorphic to L3(5). The value of the sum in Lemma 4.13
is
1 + 1
30
(−1) · (−1) · 6 + 1
31
(0 + 0 + 0)+ 1
96
(10 · 0)+ 1
124
(10 · 0)+ 1
125
1 · 1 · 5
+ 1
155
(3 · 0)+ 1
186
(0) = 1 + 1
5
+ 1
25
> 0.
So r = 31 by Lemma 4.12. This shows that G ∼= G2(5).
(2) The order of Ly is 28 · 37 · 56 · 7 · 11 · 31 · 37 · 67 [6, p. 278]. Since M11  Ly, r = 11.
Since G2(5) Ly [6, p. 278], r = 5,7,31 by (1).
Every element of order 3 centralizes an involution (there is only one class of involutions)
and C(2A) = 2A11. On the Baer subplane fixed by the involution 2A, the action of A11
yields a contradiction if any of the element of order 3 is a homology. Hence r = 3.
We now treat the prime 67. Apply Lemma 4.13 to Ki = 67AG = Kj and Kk = 2AG.
The value of the sum in Lemma 4.13 is the following:
1 + 2 (−16)
2480
+ 0 + 2 126
48174
+ 4 · 0 + 660
1534500
+ 8 · 0 + 3 594
18395586
+ 0
+ 2 −1100
21312500
+ 3 · 0 + 4 1584
27252720
+ 11 · 0 + −1540
44159500
+ 5 · 0 + −375
53765625
+ 3 · 0.
So the value of the sum is bigger than 0. Therefore an involution can be expressed as a
product of two elements of order 67. Since there is only one class of subgroups of order
67, r = 67 by Lemma 4.12.
Even though there are two classes of elements of order 37, there is only one class of
subgroups of order 37. Thus if r = 37, then elements of order 37 are homologies. Apply
Lemma 4.13 to Ki = 37AG = Kj and Kk = 2AG. This time the value of the sum is the
following:
1 + 2 (−16)
2480
+ 6 · 0 + 110
45694
+ 660
1534500
+ 1242
3028266
+ 11 · 0 + (−1100)(b37
2 + b37∗2)
21312500
+ 7 · 0 + −924
28787220
+ 13 · 0 + 2 880
4569400
+ −945
52994655
+ 2 · 0 + −550
64906250
+ 0.
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5.17. He
Proof. The order of He is 210 · 33 · 52 · 73 · 17 [6, p. 277].
There are two classes of elements of order 3. If r = 3, then Lemma 3.3 implies
that the 3-central element 3A is a homology. Note that 1 = [2A,3A] and C(2A) =
(E22L3(4)) · 〈φ〉). As 3-element in L3(4) acts non-trivially on a 2-group, so 3-elements
acts non-trivially on a 2-group in E22L3(4). This produces by Theorem 2.1, an involutorial
perspectivity, a contradiction. (We could also do this as follows. As L3(2) L3(4) and the
Schur multiplier of L3(2) ∼= L2(7) has order 2. We see that there is a subgroup isomorphic
to SL(2,7) or L2(7). Both cases contradict to Lemma 4.14.)
There is only one class of subgroups of order 5 and C(5A) = (D10 × A5) # 2. By 4.2,
A5 cannot contain a homology of order 5. This proves r = 5.
For the prime 7. We look at the 7-central element 7C. We know that [3A,7C] = 1 and
N(3A) = 3 # Σ7 = 3A7 · 2. Now A7  L2(7) and subgroups of order 7 are conjugated
in A7. As the Schur multiplier of L2(7) is 2 (e.g., see [2, p. 3]), we see that 3 #A7  L2(7).
This proves that r = 7.
By [2, p. 104], He  Sp4(4) = S4(4). We apply 4.13 to 17A, 17A, 2C to a subgroup
isomorphic to S4(4). From [2, p. 45] we have that the value s of the sum in Lemma 4.13 is
1 + 1
18
(1 · 1 · 2)+ 0 + 0 + 1
50
(−1) · (−1) · 2 + 11 · 0
+ 1
225
(
(d17)
2 + (∗2)2 + (∗6)2 + (∗3)2)+ 0 + 0 + 0 + 0
+ 1
256
(−1) · (−1) · 0 + 0 + 0.
Where d17 = 14
∑1
t=1 6zt
4
, z = e2πi/17, and ∗k means replacing z by its kth power.
Thus |d17| 14 (16) = 4 and |d17|2  16. So the sum of the four algebraic numbers has
absolute value smaller or equal to 64 and the contribution of that summand is less than 64225 .
This shows s > 0. Therefore r = 17 as desired. 
5.18. O ′N
Proof. The order of O ′N is 29 · 34 · 5 · 73 · 11 · 19 · 31 [6, p. 280].
Since L3(7)  O ′N [6] and a 7-central element in L3(7) is inside a subgroup
isomorphic to SL(2,7), so r = 7 by Lemma 4.14.
By [21, 1.18(e)], J1 O ′N . This shows r = 3,5,11,19.
By [2, p. 132], L2(31)O ′N . This proves that r = 31. 
5.19. HN = F5
Proof. The order of HN is 214 · 36 · 56 · 7 · 11 · 19 [6, p. 284].
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By [21, 1.19(d)], every element of order 3 has a conjugate in a subgroup isomorphic
to A12. So r = 3.
By [21, 1.19(e)], central 5-elements (one such class of subgroups only) centralizes a
central involution. By [6], 1 = [5B,2B]. Now C(2B) = D8∗4((A5)  2) shows that r = 5
by Theorem 2.1.
As U3(8)HN and |U3(8)| = 29 · 34 · 7 · 19, r = 19 by Lemma 4.15. (As 82 − 8 + 1 =
57 = 3 · 19.) 
5.20. (1) G ∼= L3(3), and (2) G ∼= Th = F3 or F3|3
Proof. (1) We have |L3(3)| = 24 · 33 · 13 [2, p. 13]. An element of order 3 in the center of
a Sylow 3-subgroup is contained in a subgroup isomorphic to SL(2,3). Therefore r = 3 by
Lemma 3.3 and Theorem 2.1. Apply Lemma 4.13 to the classes 13A, 13A, 2A, we obtain
the sum in Lemma 4.13 equals to
1 + 1
12
(−1) · (−1) · 4 + 1
13
· 0 + 1
16
(0 + 0 + 0 + 0)+ 1
27
1 · 1 · 3 + 1
39
· 0
= 1 + 1
3
+ 1
9
> 0.
Hence r = 13. (In fact, Cijk = 243.)
(2) The order of Th is 215 · 310 · 53 · 72 · 13 · 19 · 31 [6, p. 285].
The group Th has only one class of elements of order 5 and one class of elements of
order 7. By [2, pp. 176, 177], Th contains a subgroup H isomorphic to E25 # L2(5). The
order of L5(2) is 210 · 32 · 5 · 7 · 31. Since L5(2)  L4(2) ∼= A8, r = 5 or 7. An element
of order 31 in H acts on the subgroup E25 without centralized it. This proves r = 31 by
Theorem 2.1.
There are exactly two classes of elements of order 3 in Th. An element of order 3
centralizes an element of order 2. (See, for example, [21, 1.20(c)].) There is only one class
of involutions in Th, The centralizer of an involution is isomorphic to D8∗4A9. This shows
that r = 3 by Theorem 2.1.
By [2], U3(8) Th. As in the proof of 5.19, this proves r = 19.
As L3(3)G2(3) Th and 13 divides |L3(3)|, this proves r = 13 by (1). 
5.21. J4
Proof. The order of J4 is 221 · 33 · 5 · 7 · 113 · 23 · 29 · 31 · 37 · 43 [6, p. 270].
J4 has only one class of elements of order 3 and one class of elements of order 5 and
exactly two classes of elements of order 2.
By [6], N(O2(C(2B))) = E211M24, this shows that r = 3,5,7 or 23 by Theorem 2.1.
By [21, 1.21(c)], an element of order 11 centralizes an involution. As C(2A∗) =
Q8∗6 # (3M22 · 2) and C(2B) = E211(M22 · 2), we see that r = 11 by Theorem 2.1.
262 C.Y. Ho / Journal of Algebra 274 (2004) 245–266By [6], J4 contains E210L5(2). This shows that r = 31 by Theorem 2.1. (Note that
L2(32)  J4, which could be used to rule out the prime 31 also by Lemma 4.14 as
31 = 32 − 1.)
By [2], U3(11) is a subgroup of J4. As |U3(11)| = 25 · 32 · 5 · 113 · 37, we see that
r = 37 by 12.4 as 112 − 11 + 1 = 111 = 3(37). Note also that this subgroup rules out 11
as a possibility for r as follows. If r = 11, then by Lemma 3.3 an element of order 11 in
the center of a Sylow 11-subgroup is a perspectivity. But this element is inside a subgroup
isomorphic to SL(2,11). This contradicts Lemma 4.14 and r = 11, as desired.
The exponent of a Sylow 3-subgroup in J4 is 3 (as there is no element of order 9 by [2])
and only one class of elements of order 3. There is an elementary abelian subgroup R of
order 32. By Lemma 4.11(2), an element of order 3 cannot act fixed-point-freely.
For the primes 29 and 43, we will show that an element of order 3 can be expressed as
a product of two elements of order 29 and a product of two elements of order 43. This will
prove that an element of order 29 or 43 cannot be a perspectivity by Lemma 4.10.
Apply Lemma 4.13 to Ki = 43AG = Kj and Kk = 3AG. The value of the sum in
Lemma 4.13 is the following:
1 + 2 · 0 + 2 45
299367
+ 3 · 0 + 2 −45
1187145
+ 99
1776888
+ 30 · 0 + 99
1182518964
+ 17 · 0 + −230
2692972480
+ 0 + 231
3054840657
= 1 + 2 45
299367
+ 2 −45
1187145
+ 99
1776888
+ 99
1182518964
+ −230
2692972480
+ 231
3054840657
> 0.
(This value is bigger than 0 as the second and third term together is positive, the first and
sixth together with seventh term is positive, and the fourth and fifth are both positive.)
Therefore an element of order 3 is a product of two elements of order 43 as desired.
The value of the sum corresponding to 29A, 29A, 3A is the following
1 + 2 10
1333
+ 2 · 0 + 2 45
887778
+ 0 + 2 −45
1187145
+ 0 + 2 −66
3403149
+ 5 · 0
+ 2 105
35411145
+ 231
95288172
+ 5 · 0 + 561
393877506
+ 4 · 0 + 252 + 2(−126)
786127419
+ 3 · 0
+ 2 −56
1016407168
+ 0 + −330
1089007680
+ 7 · 0 + −176
150986773
+ 11 · 0 + −385
2727495848
= 1 + 2 10
1333
+ 2 45
887778
+ 2 −45
1187145
+ 2 −66
3403149
+ 2 105
35411145
+ 231
95288172
+ 561
393877506
+ 2 −56
1016407168
+ −330
1089007680
+ −176
150986773
+ −385 > 0.
2727495848
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together providing a positive number: Second and fifth; third and fourth; sixth and ninth;
seventh and tenth; eighth and twentieth; first and eleventh.) This rules out 29 as a possibility
for r . The proof is now complete. 
5.22. Fi22
Proof. The order of Fi22 = M(22) is 217 · 39 · 52 · 7 · 11 · 13 [6, p. 281].
By [6], E210M22 M(22). Since |M22| = 27 · 32 · 5 · 7 · 11, this shows that r = 5 (as
there is only one class of subgroups of order 5), 7, or 11.
By [2], O7(3) is a subgroup of M(22) and |O7(3)|3 = |M(22)|3. Suppose r = 3.
By Lemma 3.3, we may assume an element in the Sylow 3-center is a perspectivity.
This element generates a root group in O7(3). Thus a conjugate of this root subgroup
together with this subgroup generate a subgroup isomorphic to SL(2,3). This contradicts
Lemma 4.14. (One could also use Theorem 2.1 here.) Hence r = 3.
Since L3(3)G2(3)M(22), r = 13 by 5.20(1), and the proof is complete. 
5.23. Fi23
Proof. The order of Fi23 = M(23) is 218 · 313 · 52 · 7 · 11 · 13 · 17 · 23 [6, p. 282].
By [6], C(2A) = 2M(22)M(23). Since there is only one class of subgroups of order
5 in M(23), this shows that r = 5,7,11 or 13 by considering M(22) on the Baer subplane
of the involution 2A and 5.22.
As E211M23 M(23), this shows that r = 23.
By [2], L2(17)M(23). Thus r = 17 by Lemma 4.14.
Suppose r = 3, by Lemma 3.3 there is a 3-central element, which is a perspectivity, of
order 3. By [6] there is only one class of 3-central subgroups of order 3. Using 6B and the
power map in [2, p. 156], we see that [3B,2A] = 1. As C(2A) = 2M(22), we see that the
element of order 3 cannot be a homology here by the action of M(22) on the Baer subplane
of the involution 2A and 5.22. Therefore r = 3 and the proof is complete. 
5.24. Fi′24
Proof. The order of Fi′24 = M(24)′ is 221 · 316 · 52 · 73 · 11 · 13 · 17 · 23 ·29 [2, p. 200–206].
By [6], Fi23 = C(2C) (where 2C is an outer automorphism)  M(24)′. So r =
5,11,13,17 or 23 by 5.23.
Suppose r = 3. By Lemma 3.3, there is a 3-central element of order 3 which is a
homology. There is only one class 3-central subgroups of order 3 and by [2] a 3-central
element 3B is in a subgroup isomorphic to Fi23. Therefore r = 3 by 5.23.
As HeM(24)′ and |He|7 = |M(24)′|7, r = 7 by 5.17.
For the prime 29, we will show that an element of order 5 can be expressed as a product
of two element of order 29. Since there is only one class of elements of order 5 and a Sylow
5-subgroup is isomorphic to Z5 ×Z5, this shows that an element of order 5 cannot be fixed
point free on the translation plane V by Lemma 4.11(2). As a consequence an element of
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r = 29.
Apply Lemma 4.13 to Ki = 29AG = Kj and Kk = 5AG. The value of the sum
corresponding to 29A, 29A, 5A is the following. (We use χt to denote χt(1) in the
following.)
1 + 0 + 27
χ3
+ 14 · 0 + 105
χ18
+ 39 · 0 + −105
χ58
+ 7 · 0 + −188
χ66
+ 24 · 0
+ b29
2(27)+ ∗2(27)
χ91 = χ92 + 15 · 0
= 1 + 27
χ3
+ 105
χ18
+ −105
χ58
+ −188
χ66
+ b29
2(27)+ ∗2(27)
χ91
> 0.
(This last sum is bigger than 0 as each of the following combine terms are positive: first
with fifth; second; third and fourth; sixth.) 
5.25. B = BM = F2
Proof. The order of B is 241 · 313 · 56 · 72 · 11 · 13 · 17 · 19 · 23 · 31 · 47 [6, p. 286]. By [6],
Fi23 B . This proves that r = 3,11,13,17, or 23 by 5.23.
As Aut(F5) = Aut(HN) B , r = 5 or 19 by 5.19.
As F3  B , r = 7 or 31 by 5.20.
For the prime 47. We use the fact that there is only one class of elements of order 7. By
[26], L2(47) B . This proves that r = 47 by Lemma 4.14. 
5.26. M = F1
Proof. The order of M is 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71.
(See [6, p. 287] or [2, pp. 220–234].)
By [6], C(2A)= 2F2 M . The action of F2 on the Baer subplane of the involution 2A
and 5.25 shows that r = 17,19,23,31 or 47. As there is only one class of subgroups of
order 11, C(2A) also shows that r = 11.
Using the power map from [2, pp. 220–234], we see that an r-element commutes with
2B for r = 3,5,7 or 13. As C(2B) = D8∗12Co1, so r = 3, 5, 7 or 13 by Theorem 2.1.
We now treat the prime 29. It is not known whether L2(29) is a subgroup of M . We
have N(3A) = (3Fi24′) · 2. Also N(3A2) = (32 : 2 × O8+3(3)) · S4 by [2]. Thus there is a
subgroup isomorphic to Z3 ×Z3 in which subgroups of order 3 are generated by elements
of 3A. This shows that an element 3A cannot be fixed point free on V by Lemma 4.11(2).
Suppose r = 29. Let g be a homology of order 29 in N(3A) and h be an element of 3A
in Z(N(3A)). Let H be the subgroup of N(3A) isomorphic to 3Fi24′. By Lemma 4.8, gH
cannot have a common axis. The number of axes for elements in gH is more than 3. Thus
h leaves invariant these axes and their intersection points with the line of infinity. Since
CV (h) = 0, this proves that h is planar. But then the action of Fi24′ on this subplane yields
a contradiction by 5.24. This proves that r = 29.
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order 11 and a Sylow 11-subgroup is an elementary abelian group of order 112. Thus an
element of order 11 is not fixed point free by Lemma 4.11(2). So it cannot be expressed as
a product of two perspectivities by Lemma 4.10. As before we use χ to denote χ(1) in the
following computations of the structural constants.
(In an e-mail R. Wilson points out that L2(41) is not a subgroup of M . This is a result
of S.P. Norton: the anatomy of the Monster, in “The Atlas of finite groups, ten years on”).
There is only one class of elements of order 41. Applying Lemma 4.13 to Ki = 41AG = Kj
and Kk = 11AG. The value of the sum corresponding to 41A41A11A is the following:
1
χ1
+ 16
χ2
+ −53
χ4
+ 145
χ9
+ +176
χ15
+ 99
χ19
+ −22
χ24
+ −66
χ30
+ 2 · (−15)
χ44 = χ45 +
−22
χ46
+ −1
χ63
+ 99
χ66
+ 2 · (−45)
χ71 = χ72 +
176
χ97
+ 2 · (−66)
χ99 = χ100 +
66
χ130
+ 144
χ131
+ −8
χ159
+ −30
χ173
> 0.
(The entry χ109(41A) is missing in the [2]. Its values is 0 by an e-mail from R. Wilson. We
don’t need this as the another entry in the product is 0.)
This sum is bigger than 0 by the following way of combining the summands to produce
a positive number (for brevity we use b to denote the term involving χb, we use ;; to
separate the partial sums): 1,4;; 2;; 9;; 15,44, 46,63 (this partial sum is bigger than 0 as
176 > 30+22+1);; 19,24,30;; 66,71;;97,99;; 130;; 131,159,173 (this partial sum is bigger
than 0 as 144 > 8+30). This proves that r = 41. (In an e-mail, R. Wilson said to determine
whether L2(59), L2(71) are subgroups of M may need 100 years of CPU time.)
Apply Lemma 4.13 to Ki = 59AG = Kj and Kk = 11AG. The value of the sum
corresponding to 59A, 59A, 11A is the following:
1
χ1
+ 66
χ5
+ 173
χ10
+ 66
χ23
+ 2 · (−11)
χ41 = χ42 +
110
χ57
+ 2 · (−66)
χ99 = χ100 +
2 · (−55)
χ135 = χ136 +
−174
χ174
.
This sum is bigger than 0 by combining terms together to produce positive partial sum
(same notation as in the case of the prime 41): 1;; 5,99,135 (this partial sum is bigger than
66
χ5
+ 2 · (−66)
χ99
+ 2 · (−66)
χ135
> 66(
1
χ5
− 4
χ99
) > 0
as 4χ5 < χ99;; 10,174;; 23,41;; 57). Hence r = 59.
Finally the sum corresponding to 71A, 71A, 11A is the following:
1
χ1
+ 53
χ4
+ 176
χ8
+ 110
χ12
+ 2 · (−11)
χ41 = χ42 +
2 · (−15)
χ44 = χ45 +
22
χ49
+ 38 + 66 + −55 + −66 + 16 .
χ91 χ134 χ136 χ137 χ175
266 C.Y. Ho / Journal of Algebra 274 (2004) 245–266We use the same method as in the case of the prime 41 to see that this sum is bigger than 0:
1;; 4;; 8,44 (as 176 > 30);; 12, 41;; 49,91, 136 (this partial sum is bigger than 0 as
22
χ49
+ 38
χ91
>
60
χ91
>
55
χ136
; ;
134,137;; 175).
This shows an element of order 11 cannot be expressed as a product of two elements of
order 71. Therefore r = 71. The proof is now complete. 
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